Abstract. An operator T ∈ B(H) is complex symmetric if there exists a conjugate-linear, isometric involution C : H −→ H so that CT C = T * . In this paper, a class of complex symmetric operators on finite dimensional Hilbert spaces is constructed. As an application, it is shown that Kakutani's unilateral weighted shift operator is not complex symmetric; however, it is a norm limit of complex symmetric operators. This gives a negative answer to a question of S. Garcia and W. Wogen: that is, whether or not the class of complex symmetric operators is norm closed.
Throughout this paper, C and N denote the set of complex numbers and the set of positive integers respectively. H will always denote a complex separable infinite dimensional Hilbert space. We let B(H) denote the algebra of all bounded linear operators on H.
Generalizing the notion of complex symmetric matrices, S. Garcia and M. Putinar [4] initiated a study for complex symmetric operators on Hilbert spaces which have many motivations in function theory, matrix analysis and other areas. Definition 0.1. A conjugation is a conjugate-linear map C : H −→ H which is both involutive (i.e., C 2 = I ) and isometric (i.e., (Cx, Cy) = (y, x), ∀x, y ∈ H). Definition 0.2. We say that an operator T ∈ B(H) is complex symmetric if there exists a conjugation C on H so that CT C = T * . Denote by S(H) the subset of B(H) consisting of all bounded complex symmetric operators on H.
Through a series of papers [4, 5, 9, 6, 3, 7, 2, 8, 1] , mathematicians have obtained a better understanding of the structure of complex symmetric operators. In fact, S(H) encompasses many of the well-known and useful classes of operators such as Hankel operators, truncated Toeplitz operators, normal operators and binormal operators.
In a recent paper [7] , S. Garcia and W. Wogen proved that S(H) is not closed in the strong operator topology. Moreover, they raised the following norm closure problem.
Question 0.3. Is S(H) norm closed?
The aim of this short paper is to give a negative answer to the above question. In fact, by constructing a class of complex symmetric operators on finite dimensional Hilbert spaces, we shall prove that Kakutani's unilateral weighted shift is a norm limit of complex symmetric operators, but it is not complex symmetric.
If K is a complex Hilbert space and e, f ∈ K, then we let e ⊗ f denote the following bounded linear operator on K:
We first give a key result.
Proposition 0.4. Let n ∈ N and {e
be an othonormal basis ( onb for short) of C n . Assume that
where
. Obviously, C is a conjugation on C n and Ce i = e n−i+1 for 1 ≤ i ≤ n. It suffices to verify that CT C = T * . Since CT C and T * are both linear on C n , we need only prove that CT Ce i = T * e i for all i. First, one can note that
Then CT Ce n = CT e 1 = 0 = T * e n . Let i (1 ≤ i ≤ n − 1) be fixed. Then, by definition of T ,
and, by definition of T * ,
Note that λ i = λ n−i ; thus we have CT Ce i = T * e i . This completes the proof.
Let W denote Kakutani's unilateral weighted shift ([10, page 282]), defined by W e n = a n e n+1 with respect to the orthonormal basis {e n } ∞ n=1 of H, where a n = 1 2 k−1 and k is the exponent occurring in the (unique) decomposition n = 2 k−1 (2m − 1), k, m ∈ N.
Theorem 0.5. Let W ∈ B(H) be defined as above. Then, given ε > 0, there exists a complex symmetric operator T ∈ B(H) such that W − T < ε.
Proof. For given ε > 0, there exists k ∈ N such that 1 2 k < ε. We may assume that k > 1. Denote E = {2 l−1 (2m − 1) : l, m ∈ N and 1 ≤ l ≤ k}. Then N \ E is in fact the set of all positive integers n which admit 2 k as a divisor. For each i ∈ N, set
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Then it is easy to see that T is a unilateral weighted shift with weights
and W − T < ε. It suffices to prove that T is a complex symmetric operator.
We claim that (i)
Note that neither i nor 2 k − i admits 2 k as a divisor; thus
By the above claim, one can see that T is unitarily equivalent to A (∞) , the orthogonal direct sum of ℵ 0 copies of A, where A ∈ B(C 2 k ) and
Then, by Proposition 0.4, A * and A are both complex symmetric. Since S(H) is invariant under unitary equivalence, it follows that T is also complex symmetric. Thus we conclude the proof.
Remark 0.6. Note that dim ker W * = 1 and ker W = {0}. Then one can immediately deduce that W is not complex symmetric (see [4, Proposition 1] ). It follows from Theorem 0.5 that the class S(H) of complex symmetric operators is not norm closed.
Since S(H) is not norm closed, it is natural and interesting to consider the following question. 
